We derive and calculate thermal transport coefficient for a quantum Hall system in the linear response regime, and show that they are exponentially small in the bulk, in contrast to the quantized value of the charge Hall coefficient, thus violating Wiedemann-Franz law. This corroborates earlier reports about the essential difference between the charge and thermal quantum Hall effect, that originates from the different behavior of the corresponding U (1) and gravitational anomalies. We explicitly calculate the bulk currents when a temperature profile is applied within the bulk, and show that they are proportional to the second derivative of the respective gravitational potential (tidal force), and nonuniversal, in contrast to the charge current which is proportional to the first derivative of the electrochemical potential.
Introduction -The quantum Hall effect (QHE) is one of the most celebrated phenomenon in modern condensed matter physics, attracting theoretical and experimental attention since its discovery four decades ago [1] . More recently, the thermal version of the QHE attracted interest, as it can supply additional unique information on the topological nature of the system under investigation, and sometimes it is the only signature of the QHE physics (in case that the excitations are neutral) [2] [3] [4] [5] [6] [7] [8] . A couple of recent experiments reported the measurement of a fractional quantum thermal Hall conductance [9] [10] [11] , and spurred further theoretical investigations into the nature of this phenomenon [12] [13] [14] [15] [16] [17] .
Similar to the charge QHE, where a gradient in voltage leads to a perpendicular quantized electric current, in the quantized thermal QHE a temperature gradient leads to a universally valued heat current flowing in the perpendicular direction. The gapless chiral edges of the Hall bar carry quasiparticles and energy, and suggest a natural way to analyze and calculate both effects from the point of view of the edge. One of the hallmarks of the study of topological phases of matter is the bulk-edge correspondence (the holographic principle). In essence, bulk properties can be read-off of the edge properties, and vice-versa. In the charge QHE, the bulk-edge correspondence was beautifully explained by Laughlin's argument [18] , which describes how a net charge flows between the edges through the gapped bulk, in response to a force induced by a change in the magnetic field. The argument relates the magnetic flux to the net charge transported, and derives the quantized Hall conductance from this relation.
The relation between the edge and the bulk can also be understood through the concept of quantum anomalies [19] [20] [21] . The theory that describes the edge of the QHE is an anomalous one, which reflects the fact that it is an effective theory that lies on the boundary of a higher dimensional one. The anomalies are manifested in the nonconservation of currents along the edge. The theoretical tool of anomalies was used to generalize and classify topological theories and their possible transport signatures [4, 5, 22, 23] .
In contrast to charge transport, where one can couple the particle density to an electrochemical potential and derive the transport coefficients from the response, there is no apparent way to add to the Hamiltonian a term that describes the temperature. A trick developed by Luttinger [24] allowed the calculation of thermal transport coefficient by coupling the system to gravity. As both elements similarly affect the energy density, the response of the system to a weak gravitational potential is identical to its response to small temperature gradient. Consequently, the anomaly that is used in order to describe the thermal QHE is a gravitational anomaly, and through it one can classify the topological classes to which different systems belong.
This straight-forward analogy between charge and thermal QHE was qualified in a work by Stone [6] , who outlined a central distinction between the two effects, based on the study of the nature of the respective anomalies. Thermal currents in the linear regime, according to Stone, can only flow along the gapless edges, and no transport of heat is possible through the gapped bulk. A bulk response to temperature requires higher order gradients of the gravitational potential, that create tidal forces. Several works in recent years have approached the issue from different angles [7, 8, 25, 26] , considering different forms of perturbation and anomalies. The ongoing theoretical debate over the nature of the thermal QHE is ever more relevant in light of the recent experiments, that raised questions regarding the relationship between the edge and the gapped bulk. Specifically, it has been suggested that gapless bulk phonons, which allow thermal conductance down to the lowest temperatures, play a central role in enabling the measurement of the thermal QHE and transport heat between the gapless edges through the bulk [12, 13] .
In this letter we present a direct calculation of the bulk thermal transport coefficients in a quantum Hall system, based upon a model for a topological insulator.
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We show that while the model present a quantized σ xy its thermal Hall conductivity κ xy is exponentially small in M/T where M is the bulk energy gap. This breaks Wiedemann-Franz law in the topological state, in contrast to the topologically trivial regime in which the law is maintained. We further calculate explicitly the bulk thermal Hall response to a space dependent perturbation, and show that it is higher order in the spatial derivative than the charge response, corresponding to tidal forces.
Model and linear response calculations -We consider a standard continuum model describing a topological insulator [27] , given by the Hamiltonian
The gap at k = 0 is M , and its sign defines whether the system is topologically trivial (M > 0) or not (M < 0). In the non-trivial phase the model is characterized by a Chern number of −1. This model can be derived by expanding about a Dirac point on the surface of a topological insulator or a superconductor, and we later consider a concrete lattice model. Our goal here is to calculate the thermal transport coefficients for this model, and specifically derive the Hall thermal conductivity κ xy .
An appealing route to derive bulk thermal transport coefficient is by employing Wiedemann-Franz law [28] [29] [30] , based, for example, on the Boltzmann scattering picture. Assuming that heat is carried in a similar manner to charge, by scattering of quasiparticles, one can relate the thermal and particle (charge) Hall conductivity by
Here, µ is the chemical potential relative to which the energy of excitations is measured, e is their charge, which we shall set to 1 from henceforward, f ( ) the FermiDirac distribution and σ xy ( ) is the charge Hall conductivity at zero temperature and at chemical potential , that can be calculated from the standard Kubo formula. However, this straight-forward application of the Wiedemann-Franz law might fail if the transport mechanisms for charge and for heat are essentially different. This indeed is the case in the topological regime, as we shall see here.
In order to directly calculate the thermal transport coefficients for this model, we first need to derive an expression for the local thermal currentĵ Q (r). This can be done by coupling the Hamiltonian to a fictitious gravitational potential ψ(r) (not to be confused with the fermionic fields Ψ), such that it is given by
. Now, we require both that the current will satisfy the continuity equation ∇ĵ
and that it will scale locally with the [7, 31, 32] . After the derivation we can set ψ = 0 for the heat current in a flat background. Carrying out this calculation [33] we derive the following expression for the thermal current operator in momentum basisĵ
The charge current is given similarly byĵ
As time reversal symmetry is broken, there are magnetization currents in the sample even at thermal equilibrium. These currents are included in the expression for j Q (r) but do not contribute to the net transport of energy that is measured by κ xy , as was discussed in detail in Refs. [31, 32] . Therefore, the correct calculation of κ xy includes two contributions κ xy = κ 
Here Â ;B = T β 0 dλ Â (−iλ)B is the Kubo correlation function, and the magnetization quantity M Q is defined by the differential equation
with the boundary condition that at zero temperature 2M Q coincides with the right hand side.
At temperatures well below the gap T |M |, a correlation function between two operators will not be exponentially small in |M |/T only if both operators include matrix elements between states in the conductance and valence bands, that is -terms which are off-diagonal in the energy basis. As at the limit q → 0 bothĵ Q q andĥ q do not contain any such off-diagonal elements, κ xy will be exponentially small in |M |/T for T |M |, regardless of the sign of M . This, in contrast with the expression for the charge current which has σ j components, and its correlations attain the quantized value of σ xy = −G 0 for M < 0 at low temperatures.
An explicit calculation of the different correlation functions [33] gives the following results
where
is the second-order polylogarithm function. In Fig. (1) we compared the direct calculation of κ xy with the one resulting by relying on Wiedemann-Franz law. In the topological trivial phase (M > 0), where no QHE exist and Laughlin's argument does not apply, the two calculations agree. However, in the QHE phase (M < 0) Wiedemann-Franz law breaks, as the charge transport mechanism is different than the thermal one, and it gives an incorrect non-vanishing, universal value of κ xy /T = πk 2 B /6 at T −M . It is important to point out that the inclusion of gapless chiral edge states that connect both edges, will allow thermal conductance at low temperatures, with the correct universal value, and restore Wiedemann-Franz law [7] . The universal value might also be restored when other gapless modes of transferring heat between the edges exist, such as bulk phonons that couple to the edge modes, as was pointed in two recent studies [12, 13] .
Tidal forces -While the bulk linear response to small temperature gradients is exponentially suppressed, the anomaly is activated when tidal gravitational forces, originating from spatial derivatives of the gravitational potential higher than the linear order, are present [6, 8] . This can be seen by calculating the bulk heat Hall currents under a space-dependent gravitational potential. The equivalent charge setup will describe bulk charge Hall currents under a varying electrochemical potential. This is a known phenomena in Hall systems, where local gates in the bulk create perpendicular dissipationless currents around them.
To calculate such responses, we place our model on a finite lattice of N x × N y sites. Now we can break transla- tion invariance in the x-direction by considering a space dependent potential, which is zero near the boundaries and finite deep inside the bulk, and explicitly calculate the perpendicular induced current, taking advantage of the fact that the model is quadratic and can diagonalized exactly. To avoid edge effects, we placed the system on a torus by enforcing periodic boundary conditions. The lattice model Hamiltonian is given by H =
where a is the lattice spacing. This lattice Hamiltonian is topologically nontrivial for |M a 2 /λ 2 | < 4 with a Chern number of sgn{M } in these regimes. The gap closures at M = 0, M = ±4λ 2 /a 2 denote topological phase transitions [34] . We choose the local Hamiltonian density to be written aŝ
with
We derive the heat current in the y-direction at on the lattice at each pointĵ 
withρ ψ the density matrix described by a spacedependent Hamiltonian of the form H ψ,lat = r [1 + ψ(x)]ĥ lat (r), and we deduct the equilibrium expectation value of the energy currents, that exist even in the absence of temperature gradients.
One should distinguish between thermal currents in response to temperature gradients and energy currents in response to a true gravitational (or geometrical) field that changes the Hamiltonian, such as calculated for example in Ref. [8] . Luttinger's argument pertained to the state of the system, and his observation was that the density matrix in response to a small fictitious gravitational field is identical to the one when a small temperature gradient is applied [6, 24] . However, when true gravitation is applied the definition of energy is also changed, and the operator that describe the energy current will scale aŝ j
2ĵ Q ψ=0 (r). When temperature gradients are considered, the definition of the energy is not affected, and therefore the correct operator describing the heat current isĵ Q ψ=0 , and its expectation value should be taken with respect to H ψ . The difference between the two approaches is already in the linear order in the potential, as can be seen by considering a gravitational potential of the form 1 + ψ(r) and expanding to leading order in . The density matrix is thenρ ψ ρ 0 + δρ and the different responses are
where j Q g is the energy current in response to true gravitational potential and j Q T in response to temperature gradients. If time-reversal symmetry is not broken and there are no energy currents in equilibrium j Q 0 = 0, then the two calculations agree to leading order.
We choose ψ(x) = (∆T /T )f (x) with
such that it changes smoothly from zero near the edges to a uniform value in the bulk, see Fig. (2a) . For comparison, we also calculated the bulk charge current ĵ N y (r) µ in response to a space-dependent chemical potential µ(r) that we add to the Hamiltonian H µ,lat = r [ĥ lat (r)+µ(x)n(r)], wheren(r) the local particle density.
The results of the calculations are given in Fig. (2b-c) . The charge Hall current at low temperatures T |M | is proportional to the first derivative of the potential j N y (x) ∝ ∂ x µ(x), as expected. However, the thermal Hall current requires tidal forces, and is proportional to the second derivative of the gravitational potential j Q y (x, 0) ∝ ∂ 2 x ψ(x). Furthermore, while the coefficient of the charge current is the universal quantized value, the heat current response is not [8] , as can be seen in Fig. (2d) , where we plotted the Hall current at a fixed point when changing M . This corroborate the exponentially vanishing linear response to temperature gradients, and further clarifies the different nature of the thermal and charge responses.
Thermopower and Onsager relations -Finally, we consider the bulk thermopower properties. That is the charge currents in response to temperature gradients and thermal currents in response to electrochemical potential gradients. This is of interest for two reasons. The first being that measurement of charge currents is much more accessible experimentally than measurement of heat currents. The other is due to Onsager relations that we expect to be maintained, where these two responses are similar.
In order to get finite charge response to temperature gradients one has to break the model's particle-hole symmetry, for example by adding a constant chemical potential H ψ,lat → H ψ,lat + µ 0 rn (r), which by itself does not induce any type of current. However, one needs to adjust the expression for the heat current accordingly, as (color online) Thermopower currents in the bulk, including both heat current in response to space-dependent electrochemical potential and charge current in response to space-dependent temperature. All scale with µ0 that breaks particle-hole symmetry, and will vanish in its absence. The parameters used here are identical to the ones used in Discussion -Analyzing and calculating bulk thermal currents in the QHE, we explicitly showed that the linear response thermal transport coefficients in the bulk are exponentially small |M |/T , leading to a violation of Wiedemann-Franz law. This demonstrates that the bulk Hall conductance for charge and for energy is fundamentally different. To further corroborate this, we explicitly calculated how do bulk thermal Hall currents behave when small space-dependent perturbation is applied in the bulk. While charge currents are proportional to the first space derivative of the perturbation, with a universal coefficient, the thermal currents are proportional to the its second derivative, with nonuniversal coefficient. This means that tidal forces are necessary in order to induce bulk thermal Hall currents, and further stresses the difference between the two phenomena, that as Stone showed can be traced back to the different type of anomalies causing them. However, the thermopower relations are universal, and should be measurable in an experiment where temperature gradient causes quantized electrical Hall currents to flow, which can be detected.
The energy magnetization is defined via the differential equation
which we can recast as
And the correlation here is given by
Derivation of the lattice heat current
The process on deriving the heat current on the lattice is similar to the derivation of the current in the continuum model, with the following required adjustments. The first one is that the heat current is defined on the links between sites j Q x (x + a/2, y) and j Q y (x, y + a/2), and also is not strictly local but has a finite support from adjacent sites. Consequently, the scaling with the gravitational potential, which is defined on the sites themselves, is not completely local. Rather, the different components of j 
